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Abstract

The recently proposed Bayesian approach to online learning is ap-
plied to learning a rule defined as a noisy single layer perceptron with
either continuous or binary weights. In the Bayesian online approach
the exact posterior distribution is approximated by a simpler paramet-
ric posterior that is updated online as new examples are incorporated
to the dataset. In the case of continuous weights, the approximate pos-
terior is chosen to be Gaussian. The computational complexity of the
resulting online algorithm is found to be at least as high as that of the
Bayesian offline approach, making the online approach less attractive.
A Hebbian approximation based on casting the full covariance matrix
into an isotropic diagonal form significantly reduces the computational
complexity and yields a previously identified optimal Hebbian algo-
rithm. In the case of binary weights, the approximate posterior is cho-
sen to be a biased binary distribution. The resulting online algorithm
is derived and shown to outperform several other online approaches to
this problem.

1 Introduction

Neural networks are adaptive systems characterized by a set of parameters
w, the weights and biases that specify the connectivity among the neuronal
computational elements. Of particular interest is the ability of these systems
to learn from examples. Traditional formulations of the learning problem are
based on a dynamical prescription for the adaptation of the parameters w.
The learning process thus generates a trajectory in w space that starts from
a random initial assignment w° and leads to a specific w* that is in some
sense optimal.

Two learning modalities need to be distinguished: offline and online. In
offline or batch learning, all examples in the training set are used at every



time step to update the current values of the network parameters w. In online
learning, the parameters are updated after the presentation of each example.

Algorithmic approaches that result in specific values w* for the network
parameters are to be contrasted to a probabilistic Bayesian formulation based
on the information provided by a probability distribution over the parameter
space w. In the Bayesian approach, the learning process is described by the
evolution of a prior distribution p(w) into a posterior that incorporates the
information provided by data given in the form of training examples.

The posterior, constructed as the appropriately normalized product of the
prior and the likelihood of the data, quantifies the a posteriori belief in each
possible setting of the parameters w, and it plays a crucial role in the predic-
tion of new data. The Bayesian prediction probability is computed through
a weighted average over the parameter space w, and it is the posterior that
assigns a weight to every possible parameter setting. Predictions based on
this approach are optimal in the sense of yielding the minimal average pre-
diction error; the average is to be taken over all possible data sources within
the family defined by the prior. The optimality of Bayesian predictors thus
holds under the assumption that the prior beliefs are correct.

The procedure is intrinsically offline, as the computation of the poste-
rior requires knowledge of the entire training set. A controlled approximation
that leads to an online implementation of Bayesian learning has been recently
proposed (Opper 1996, Winther & Solla 1998), and some of its implications
are explored here. In Bayesian online learning, the true posterior is approxi-
mated by a simpler parametric distribution; the parameters that characterize
the approximate posterior are updated online. The goal is to speed up the
process by replacing averages over complicated posterior distributions by av-
erages over simpler approximate forms. For the procedure to be meaningful,
the approximate posterior needs to capture the essential features of the true
posterior.

The Bayesian approach to online learning investigated here is to be con-
trasted to other approaches to online learning that have received considerable
recent attention within the statistical physics community. These alternative
procedures emphasize the dynamical adaptation of the parameters w. One
approach is based on Hebbian learning rules, for which the update vector
Aw at every time step is in the direction of the input vector of the cor-
responding example. A modulation function that controls the instantaneous
amplitude of the adaptation step is determined so as to maximize the decrease
of the generalization error, either locally for the current example (Kinouchi
& Caticha 1992) or globally for a set of examples presented during a spec-
ified time interval At (Saad & Rattray 1997). Such methods require some
degree of information about the generalization error; the Bayesian approach
is more fundamental in that it makes no demands on the availability of such
information.



A Bayesian algorithm only requires the specification of a prior; the algo-
rithm then guarantees the optimal use of such a priori information. Unfor-
tunately, the intrinsic complexity of the averaging steps involved in Bayesian
learning often render such calculations intractable. Here we focus on a simple
learning scenario, that of the perceptron, for which the necessary averages
can be performed analytically in the limit of large system size. Our results
show that the tensorial update rule that emerges naturally from the Bayesian
approach outperforms the so-called optimal Hebbian rule. A Hebbian approx-
imation to the full Bayesian update rule for the perceptron does reproduce the
previously obtained optimal Hebbian algorithm (Kinouchi & Caticha 1992).
Such Hebbian approximations might be necessary if the computational com-
plexity of online Bayesian learning is to be kept noticeable smaller than that
of its traditional offline version.

A clear demonstration of the generic power of the Bayesian online approach
is still to come, as it requires an extension to the case of complex learning
scenarios involving multilayer networks. We are currently working on the case
of two layer networks, which becomes analytically tractable in the limit of a
large number of hidden units. Such results need to be obtained and compared
to those available for such two layer architectures when trained by simple
gradient descent (Saad & Solla 1995) as well as its optimized local (Vicente
& Caticha 1997) or global (Saad & Rattray 1997) versions.

The chapter is organized as follows. Section 2 contains a review of the basic
principles of Bayesian inference. Section 3 develops an online implementation
of Bayesian learning. The approach is applied in section 4 to the problem of
learning a noisy simple perceptron with continuous weights via a Gaussian
approximation to the posterior distribution. The performance, computational
complexity, and storage requirements of this online Bayesian approach are
compared to those for the Hebb approximation and the mean field approach to
offline Bayesian learning. A biased binary distribution is proposed in section
5 as an approximate posterior for the problem of learning a noisy simple
perceptron with binary weights. Update rules are obtained, and the resulting
algorithm is compared to a variety of other approaches to this problem. The
chapter concludes with a discussion of current and future work in section 6.

2 Bayesian Learning

Bayesian inference provides a framework for formulating the problem of learn-
ing from examples in purely probabilistic terms. Here we briefly review this
formulation for the case of classification problems, for which each example
consists of an input vector s and an associated classification label 7. A train-
ing set of size ¢ is denoted by D; = {(7#,s*),1 < p < t}. Training examples
are assumed to be independently drawn from a distribution p((7, s)|w), where
w is the unknown parameter vector, to be estimated from the data D;. The



inference procedure consists of two steps.

The first step is to assign a probability or likelthood to the training ex-
amples. The statistical independence of the individual examples results in a
multiplicative form for the likelihood of the training set,

p(Difw) = [T p((7",s")w) . (2.1)

We write p((7, s)|w) = p(7|w, s)p(s), where p(7|w, s) models the input-output
relation, while the input distribution p(s) is independent of w.

The second step in Bayesian inference is to assign a prior probability p(w)
to the unknown parameters w. The true values of the parameters, i.e. the
ones actually used in the generation of the data, are assumed to have nonzero
prior probability. It is in this sense that the analysis is restricted to the case
of realizable learning scenarios.

Here we focus our analysis on the case of a simple perceptron, for which
classification labels 7 = +1 are generated through 7 = f(w,s) = sign(w - s).
Both w and s are N-dimensional vectors with components {w;,1 <i < N}
and {s;,1 < i < N}, respectively. Noise is introduced through a label flip
with probability . The likelihood of output 7 is thus given by

p(rlw,s) = £ O(=7f(w,s)) + (1 - &) O(1f(W,s))
= k+(1—-2k)O(TwW-s), (2.2)

where O() is the step-function, ©(z) =1 for x > 0 and ©(z) = 0 otherwise.

We consider two possible priors: a spherical Gaussian

1

(W) = Gy O (-5 (2.3)

and a binary distribution

-1I [ )+ - 5(w1 + 1)] . (2.4)

%

These prior distributions represent prior knowledge, as opposed to knowledge
coming from the training data.

Bayes rule provides a prescription for writing the posterior distribution
p(w|D;) in terms of the prior and the likelihood of the training set:

[, p(r*|w,s") p(w)

POVID) = T, p(r e, s plw)

(2.5)

The posterior distribution quantifies our knowledge about w after the obser-
vation of the training data Dj.



The posterior distribution is used to compute the predictive probability for
each possible output 7 = +1 given a new input s:

p(rls, Di) = [ dw p(rlw,s) p(w|Dy) (2.6

Predictions based on the Bayes algorithm are guaranteed to minimize the
average prediction error through the choice of output label 7 which maxi-
mizes the above prediction probability for a given input s. For the type of
classification problem considered here, the Bayes prediction is given by

B¥es(s D,) = sign (/ dw p(w|D;) sign (w - s)) : (2.7)

The process discussed in this section is intrinsically offline, as information
on the full data set D; is needed to compute the posterior distribution that
controls the average in Eq. (2.7).

3 Online Bayesian Learning

The problem we now face is that of adapting the Bayesian approach sum-
marized in the preceding section so as to obtain an online version. Learning
methods based on incorporating all information provided by the data into the
current values of the network parameters w are easily adapted onto online
versions: it suffices to use the information provided by a new example to up-
date the current values of the network parameters. In a Bayesian formulation
the information provided by the data is incorporated into a distribution over
w space, and it is this distribution that needs to be updated in an online
manner when a new example becomes available.

An online Bayesian learning algorithm requires a prescription for an online
update of the posterior distribution. To achieve this goal, the exact posterior
p(w|D;) of Eq. (2.5) is approximated by a simple parametric distribution
p(W|A;), where A, refers to the current values of a set of parameters A
which characterize the distribution (e.g. the first two moments of w for a
Gaussian p(w|A)). The online Bayesian procedure refers to the update of the
distribution parameters A as opposed to the network parameters w.

The online Bayesian algorithm becomes computationally advantageous
over its offline version, Eq. (2.5), to the extent that the set A contains a small
number of parameters, so that A; can be interpreted as providing a compact
encoding of the information contained in the training set D;. A tension arises
between the need for a complex parametrization to provide a reliable approx-
imation to the true posterior of Eq. (2.5), and a simple parametrization to
gain computational speed.

The resulting online Bayesian procedure consists of two steps:



1. Add an example - the current posterior is updated exactly according
to Bayes rule:
p(r"* | w, ") p(w|Ay)

A t+1 _t+1 — ] ]
PR (ST = Faseprt w5t pwiay O

2. Approximate — the updated posterior is parametrized:

p(w] A, (7,81) = p(w|As) . (3.2)

Some of the information provided by the new example (77! s**1) is dis-
carded in the parametrization step. The parametrization is constructed so
as to minimize the resulting information loss. As discussed by Opper in this
volume, there is no unique way of measuring this loss; but once a metric is
chosen it is possible to quantify the dissimilarity between the exact updated
posterior and any proposed approximation to it. It is thus possible to select
the best among several possible parametrizations.

We chose to quantify the information loss through the relative entropy or
Kullback-Leibler distance between the two probability distributions:

D [p(w|As, (77, 8")[|p(w| Asy)]

(W‘At, (Tt+1, St—|—1))
p(w[Ai1)
For a Gaussian approximate posterior distribution, the minimization of the

information loss is achieved by choosing A;,; such that p(w|A;, (7711, st11))
and p(w|A;;1) have the same first two moments (see also Opper, this volume).

- / dw p(w|A,, (11, s+1)) In 2 (3.3)

To make the approximation consistent it is necessary that the initial dis-
tribution p(w|Ay) does not exclude any of the values of w for which p(w)
is non-zero. The natural choice p(w|Ay) = p(w) fulfills this condition. The
iterative process of adding examples and approximating the posterior is illus-
trated in figure 1. In the space of all possible distributions p(w), the plane
represents the manifold of distributions parametrized through p(w|A). At
every time ¢ the approximate posterior p(w|A;) is in this manifold, but the
update rule that incorporates the information provided by the new example
(rt+1 s!1) takes the distribution away from the parametric manifold. The
approximation step involves a projection back onto the parametric manifold;
the projection is controlled by a metric provided by the Kullback-Leibler
distance.

In the rest of this article we present two simple applications of the Bayesian
online approach to the problem of learning a rule defined by a simple percep-
tron with output flip noise, for which the likelihood is given by Eq. (2.2). We
show that different choices of prior p(w) result in quite different algorithms
with different average behavior.
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Figure 1. The update of the approximate posterior.

In section 4 we study the case of a Gaussian prior (see Eq. (2.3)) and
choose a Gaussian approximation for the posterior. In section 5 the prior is
binary (see Eq. (2.4)) and the approximate posterior is chosen to be a biased
binary distribution.

4 Gaussian Approximate Posterior

The minimization of the Kullback-Leibler distance of Eq. (3.3) is achieved in
the case of a Gaussian approximation to the posterior through the matching of
the first two moments of the updated posterior distribution p(w|Ay, (7471, st*1)),
Eq. (3.1). The update rules can be derived through the use of partial integra-
tion (Opper 1996) to obtain:

—~ 0

(w;) = (wQ—i—ZCijmln(p(ﬂw,s)) (4.1)
G = c,-,-+zcﬂckja<%;wln<pmw,s>> (42)

for the update of the components (w;) of the average weight vector and the
elements C;; = (w;w;) — (w;)(w;) of the covariance matrix. The following
conventions have been adopted to simplify notation: superscripts are omitted
when referring to the new example, so that (7, s) refers to (7', s'™1); averages
(...) are taken with respect to the approximate posterior p(w|A;) at time ¢;
averages (...) are taken with respect to the approximate posterior p(w|A;y1)
at time ¢ + 1.



Note that p(7]s, Ay) = (p(7|w,s)) = [dw p(7|w,s) p(w|A;) is the online
approximation to the predictive probability, Eq. (2.6).

The above update equations allow for a compact rewrite when applied
to the simple perceptron, for which p(7|w,s) of Eq. (2.2) depends on w
only through the scalar field h = ﬁw -s. Then p(7|w,s) = p(7|h), and
(p(r|w,s)) = [ dw p(w|A;) p(r|w,s) = [ dhp(hls, A¢) p(7|h), with p(hls, A¢) =
[dw(h — \/LNW - s) p(w|A;). Because the distribution p(w|A;) is chosen to
be Gaussian, p(h|s, A;) is also Gaussian,

p(hls, Ay) = . eXp<—(h_7<h>)2>, (4.3)

V2T A 2
with mean (h) = —=(w) - s and variance A = gs”Cs.
We use the chain rule % = \/—lﬁs% to obtain
—~ 1 0
= — —1 4.4
(w) (w) + N Cs ) n(p(t|h)) (4.4)
~ 1 T 2
= —_ 1 4,
C C+ NCSS Ca(h)2 n(p(7|h)) , (4.5)

for the update rules in matrix notation.
The predictive probability (p(7|w,s)) = (p(7|h)) is given by:

(p(tlh))y =k +(1—2k)D (T%) , (4.6)

where . gt
— P CV0)
O(z) = /_ N \/ﬁe
is a sigmoidal error function. The Bayesian predictor of Eq. (2.7) for a new
input s is given by
7B (5 A,) = sign((w) - 5) (4.7)
for the Gaussian approximate posterior considered here.

We have thus obtained a Bayesian online algorithm for learning a percep-
tron rule with output noise; the corresponding Bayes predictor depends only
upon the posterior mean of the weights.

It is relevant to analyze the computational complexity of the algorithm de-
fined by Eqs. (4.4) and (4.5), and investigate how it scales with the number
of input variables N and the number ¢ of presented examples. The most com-
putationally expensive operations for a given example s are those required
to obtain Cs, ss’, and s”Cs; all these operations are of order O(N?). As
expected, the update of all components of an N x N covariance matrix takes
O(N?) operations. The total computational cost is thus O(N?t). The com-
putational cost and performance of this algorithm will next be compared to
those of the corresponding offline Bayesian algorithm and a further Hebbian
approximation to the online Bayesian algorithm discussed above.



Hebbian approximation to the online Bayesian algorithm

A Hebbian approximation to the full online Bayesian algorithm defined by
Egs. (4.4) and (4.5) follows from replacing the update factor Cs by its pro-
jection along the direction of the new input s:

s'Cs

S-S

Cs —s

The resulting update rules are those of a Hebbian algorithm with adaptable
step size.

The average behavior of this algorithm can be easily analyzed in the ther-
modynamic limit N — oo for spherical input distributions satisfying 5; = 0
and §;5; = d;; (where overline denotes an average over the input distribution).
For spherical inputs in thermodynamic limit, the central limit theorem can
be invoked to argue that the scalar s”Cs will be self averaging and can be
replaced by sTCs = (w - w) — (w) - (w), where averages are taken over the
distribution for a new input s uncorrelated with the current C matrix. The
update rules no longer require the computation of the full covariance matrix
C; it suffices to compute its trace ((w - w) — (w) - (w)). The computational
complexity of this version of the algorithm is thus reduced to O(Nt).

It is of interest to note that this algorithm turns out to be equivalent to
an optimal Hebb algorithm of the form w = w + F's, where F' is a scalar
modulation function chosen so as to locally maximize the decrease of the
generalization error for each example (Kinouchi & Caticha 1992). We shall
show that the performance of this optimal Hebbian algorithm is inferior to
that of the full Bayesian online algorithm presented before.

Bayesian offline algorithm

Mean field equations for the Bayesian offline scenario have been derived for
a simple perceptron (Opper & Winther 1996). These equations are expected
to be valid in the thermodynamic limit, and they reduce to the form

1 Ty
(w) = \/—Ngs (") (4.8)

@) = o ), (1.9
for spherical inputs. The sum in Eq. (4.8) is over training examples u, and
(-..)u in Eq. (4.9) refers to an average over a posterior distribution for which
the puth example has been excluded; the corresponding training set is denoted
as: Dy\(T#,sH).

Consider the distribution of the cavity field h*:

JIapY; Boal)) — J 1 J T
p(h*[s", D\ (7, s)) —/dwé(h = ™S pwI DA, )



The mean field approximation rests on the assumption that this distribution
is Gaussian in the thermodynamic limit:

p(h*|s*, D\ (T#,s")) = \/%exp <_W> , (4.10)

with A = &~ ((w-w) — (w) - (w)) for uncorrelated input data. The mean (h*),
of the cavity field is related to the full posterior mean field (h*) = \/—lﬁ(w> -st,
the aligning field, through

(") = (h¥) = Az"). (4.11)

There are obvious similarities and differences between the online and of-
fline approaches. The average (p(7|h)) in the online update Eqgs. (4.4) and
(4.5) is an average over a cavity field. In the offline approach, the Gaussian-
ity of the cavity field follows from the central limit theorem. The mean field
approximation is therefore expected to become exact in the thermodynamic
limit. In online learning, the Gaussianity is a consequence of the choice of
a Gaussian form for the approximate posterior. Note the similarity between
Eq. (4.3) and Eq. (4.10); the correction (4.11) to the mean in Eq. (4.10) arises
because in offline learning the posterior average is over all examples in the
training set, whereas in online learning the example is discarded once it has
been used to update the posterior. In online learning it is necessary to keep
track of the covariance matrix because the inputs are discarded, whereas in
offline learning the mean weight in Eq. (4.8) is spanned by the input vec-
tors. This distinction has an important consequence for the computational
complexity of the algorithm.

The set of non-linear mean field equations is usually solved by iteration.
If we denote by N the number of iterations needed to obtain solutions with
a desired degree of accuracy, the computational complexity of the algorithm
scales like O(NNt). We expect N to scale at most with N. The full Bayesian
online algorithm will thus have at least the same computational complexity
as the Bayesian offline algorithm.

Performance comparison

We now compare the performance of the three algorithms discussed in this
section. Performance is measured through a computation of the generaliza-
tion error, defined as the probability that the Bayes predictor 728 (s, A;) of
Eq. (4.7) disagrees with a teacher defined as a noisy simple perceptron with
weight vector v and output 7 = nsign(v - s), where n = —1 with probability
k, and n = 1 otherwise.

The generalization error is given by

€ = 0O (—n sign(v - s) 7Bwes (s, Ay)) , (4.12)
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Figure 2. Learning curves (e versus «) for the online and offline algo-
rithms for continuous weights. The three lower curves are for kK = 0
and the three upper curves are for k = 0.1. The dash-dotted lines are
for the Hebb approximation to the online algorithm, the dashed lines
are for the full online algorithm, and the full lines are the theoretical
predictions for the offline Bayes algorithm. Simulations were performed
for N = 100 and averaged over 100 runs. Error bars are comparable
to the line thickness.

where the average is to be taken over the input distribution from which new
test examples can be drawn at random. This average is easily performed for a
spherical input distribution, and leads to a simple result for the generalization
error:

1
e = k+ (1 — 2k)— arccos (4.13)

R

s ()
where the order parameters q, R, and T" are given by overlaps between the two
weight vectors involved: R = ~(w) v, ¢ = +(w)-(w),and T = +v-v. Sim-
ulation results for all three algorithm are shown in figure 2; the generalization
error € is shown as a function of the normalized number of examples o = t/N.
No theoretical analysis is available at this time for the online Bayesian algo-
rithm that incorporates full second order information through the update
of all entries in the covariance matrix, Eqs. (4.4) and (4.5). The results of
theoretical analysis available for the other two algorithms are in complete
agreement within the scale of the figure with the numerical results shown in
figure 2.

The simulation results for the two online algorithms allow for a perfor-
mance comparison and show the significant benefit of using the full second
order information. We expect this difference to be even larger for general,
non-spherical input distributions.



For further comparison, we show in table 1 the asymptotic performance
for k = 0, the computational complexity, and the memory requirements for all
three algorithms. Both online algorithms exhibit the same asymptotic perfor-
mance for the spherical input distributions considered here, as the off-diagonal
elements of the covariance matrix vanish asymptotically in this highly sym-
metric case. Discrepancies in favor of the full online algorithm are expected
to appear for more general input distributions. The computational complex-
ity results summarized in this table are as previously discussed in the text.
As for memory requirements: the Hebb approximation requires storage of the
current example and the current mean weight vector, both of O(NN), while the
full online algorithm requires the additional storage of the covariance matrix,
of O(N?). The offline algorithm requires storage of all training examples, of
O(Nt), in addition to lower order contributions from the mean weight vector
and auxiliary variables.

Table 1. Comparison of asymptotic performance, computational com-
plexity, and storage requirements for the three algorithms discussed in
this section.

Online Offline
2nd Order Hebb Approx.
e(a — o0) 0.88/« 0.44/cx
Comp. complexity | O(N?t) O(N) O(NNt)
Memory O(N?) O(N) O(Nt)

5 Binary Approximate Posterior

For a binary prior of the form (2.4), a reasonable choice for the approximate
posterior is that of a biased binary distribution (Winther & Solla 1998),

1+ (w;) 1 — (w;)

p(wW|A;) = H —L (w; — 1) +

I S(w; +1)] . (5.1)

The parameters A of the approximate distribution are thus the components
of the mean weight vector (w). The Kullback-Leibler distance is minimized by
setting the new values of the parameters to be equal to their mean computed
with the updated posterior p(w|A, (7,s)). The update rule is thus given by

(w) = Z w p(w|Ay, (1,8)) . (5.2)

{wi==£1}

No closed form for the update rule (5.2) is available for general N, but
progress can be made in the thermodynamic limit by invoking the cavity
method. We now outline the calculation.



An auxiliary field A is introduced through the identity

]. x LW'Sf
lz/dhé(h——w-s): @e(‘/ﬁ h), (5.3)

VN

where the integral over z is along the imaginary axis. The update Eq. (5.2)
can thus be rewritten as

21

z( Lw-s—h
(v = Zw=s! G we (% )p(ﬂh)p(wmt)

(5.4)

z( Lw-s—h
Yower [ e G )p(Tlh)p(WlAt)

In order to perform the trace over the weights, it is convenient to introduce
a posterior average from which the ith weight component is excluded,

St 2 T ) ) 1)

27

(.

?

Lw=s1f %ez(ﬁ Z:j’é"Wj_h)p(Tlh) [ p(wj[ {w;))

with L+ ()
plul () = = 5wy = 1) +

The update rule for the ¢th weight component is then given by

<1+(wi)ezsi/\/ﬁ _ #eiﬂsi/\/ﬁ)

%

N 2
<wz> - <1+(2wi)e$8i/\/ﬁ+ 1—(2wi)emsi/\/ﬁ>i ’ (55)
which results in
— sinh(tanh™* w;) + —=5; 7))
- fenbltant™ ) + s, ) .

~ {cosh(tanh Y(w;) + Jsi2))i

The expression (5.6) is exact, but a cavity argument needs to be introduced
in order to perform the required averages. We assume that in the thermody-
namic limit the variable y; = tanh™ (w;) + wsi@ is Gaussian, with mean

(y;) = tanh " {w;) + ﬁsi (z); and variance 02 = +s2({z?); — (z)?). The vari-
ance becomes self-averaging in the thermodynamic limit, and can be written

1 2 2
e b
v (@) ()

for uncorrelated inputs, 5;5; = 6;;. The averages in Eq. (5.6) can now be
performed, to obtain

=
sCla
—~
—~
8
N
e
I
—~
8
~
N
Q

(w;) = tanh (tanh_1<wi) + %s,(x),) : (5.7)



In order to complete the calculation we need to evaluate the mean value of
the auxiliary variable x; note that the required average is not (x) but (z);, to
indicate that the average is to be performed over a posterior that excludes the
ith weight component. The calculation of (z); involves two steps: a calculation
of (z) followed by a cavity argument that relates (z) to (x);.

The average (x) is given by a logarithmic derivative,

() = 0 lnai(u)

u=0

where we have introduced a partition function

Z /dhd$ x u—l—\/%w-s—h)p(T“l) p(W|At) ' (58)

w—=+1 2m

Note that the external field v couples to x. Integrals over both = and h can
be performed to obtain
Z(u)= ) p(r|h+u) p(w|A) (5.9)
w==%1
where h now stands for ﬁw -s and is no longer a variable. The quantity

Z(u) can be identified as an online approximation to the predictive probability
(p(T|h + u)), with (p(r|h)) given by Eq. (4.6). This identification leads to

(z) = aa_u e+ = % In(p(|h)) (5.10)

The second moment of z follows from the linear response theorem:

The last step is to relate (z) and (z);. We invoke a Gaussian assumption
for the distribution of fa:sz and use the exact relation

(Cusr - plw|(wy)) e77™),
<Ewl +1 p(wz‘<wz>) e‘/_JDSl)’L

()=

to obtain
1 —~ 0x)

)i =) — —F—\W;) S; —~ -
(@): = ) — (s o
The Bayesian learning algorithm for a simple perceptron with binary weights

obtained above is expected to be exact in the thermodynamic limit. One fur-
ther approximation is needed for the algorithm to be truly online, since (z);

(5.11)



as given in Eq. (5.11) to be substituted onto Eq. (5.7) for (w;) does itself de-

pend on (w;). The approximation is to replace (w;) by (w;) in the right-hand
side of Eq. (5.11). Since the difference between (w;) and (w;) is O(1/v/N),
the error arising from this approximation is O(1/N), and thus negligible in
the thermodynamic limit.

We end this section with a cautionary note against the impulse to con-
struct an online algorithm from a direct expansion of Eq. (5.7), based on the
argument that the contribution from the new example is small, O(\/—lﬁ) To
show that this procedure leads to an incorrect result, we use the recursive
relation of Eq. (5.7) to obtain:

{(w;)* = tanh (\/LN ; sf(x“)f_l) , (5.12)

where o
L(wi)“ s 8(:1;7)7 ‘
VN gy
The supraindices indicate the time step and therefore label the correspond-
ing example. The value of (z#)#~! follows from Eq. (5.10), while that of
(p(7#|h*))*~1 is given by Eq. (4.6).

In contrast to the exact result of Eq. (5.12), a second order expansion of
Eq. (5.7) leads to a Hebbian approximation to the online algorithm that can

be written as

()t = ()t

t_i ' SE N (ph\u—1
<w>i—\/ﬁl§1 P A (5.13)

where M = - ((w-w)# — (w)#- (w)*). Discrepancies between Eqgs. (5.12) and
(5.13) are due to the expansion of Eq. (5.7).

Performance comparison

In order to compare the performance of the online Bayesian algorithm for
binary weights to that of several other online and offline approaches, it is
useful to cast the algorithm in the form of mean field equations for the order
parameters that control its average performance..

The task is that of learning a noisy simple perceptron with binary weights;
the teacher’s output is given by 7 = nsign(v - s), where v is a binary weight

vector and n = —1 with probability x, and 7 = 1 otherwise. The relevant
order parameters are R = v - (w), ¢ = +(w) - (w) and T = v - v. For

the binary teacher considered here, T' = 1. The other two parameters, R
and ¢, need to be determined in order to compute the generalization error of
Eq. (4.13).

In a Bayesian algorithm of the type constructed here the student vector w
and teacher vector v are sampled from the same space, so that R = q. The



time evolution of R is derived from the scalar product between v and the
average student weight vector of Eq. (5.7). The overlap between v and the
argument in the right hand side of the equation consists of two contributions:
a bias towards the teacher weight vector and a fluctuating term due to the
randomness of the inputs. The random contribution becomes Gaussian in
the thermodynamic limit. The normalized time variable & = ¢/N becomes
continuous in this limit. The time evolution of the order parameters is found
to be given by (Winther & Solla 1998)

R=gq = /thanh(\/Zz + A)

@
da

1 1 — 2k)2e" 27"

(
m/Dtm- (1= 2r)3(v/aD)

1
T

(5.14)

where Dt = dte /2 /\/2x.

Comparison with other algorithms is based on the calculation of the values
of R and q for each case, in order to compute the generalization error (4.13).
We consider several possibilities:

1. Clipping — taking the sign of the binary weights algorithm. The
value of R for this algorithm follows from the scalar product between
an arbitrary binary teacher vector v and a binary vector obtained by
taking the sign of (W): Rayp = & X; visign({w;)) = + X sign(v;(w;)).
Since v;{w;) is Gaussian with mean ¢ and variance ¢(1 — ¢) (Schietse,
Bouten & Van den Broeck 1995),

Rclip = /DZ 81gn(\/Zz + A) = 2(1)(\/2) -1 )

while guip = % >, sign®(w;) =1

2. Hebb approximation to Bayesian online algorithm. A binary
weight vector may be considered a as specific sampling of the continuous
weight prior. It is therefore possible to use a continuous weight algorithm
for the binary problem; the average performance will be identical to that
of the continuous case (Winther & Solla 1998).

3. Clipping — taking the sign of the continuous weights algorithm.
The value of R for this algorithm is again of the form R, cont. =
~ Yiusign({w;)) = + ¥ sign(v;(w;)), but the average weight vector
(w) is now given by the continuous weights Bayesian algorithm. The
Gaussian nature of v;(w;) is again invoked to obtain

Rap o = [ D2 sign(/a(1 =)z +0) = 20(A) 1.

with qclip cont. = 1.




4. Optimal binarization of continuous weights. Functional optimiza-
tion techniques have been used to obtain a transformation f({w;)) to
be applied to average weight components (w;) found by a continuous
weights algorithm so as to maximize the overlap between the trans-
formed weight vector and an arbitrary binary teacher vector v (Schietse,

Bouten & Van den Broeck 1995). Their arguments have been applied to
the Bayesian scenario, to obtain f({(w;)) = tanh (l%q(w)) Since v;(w;)
is Gaussian with mean ¢ and variance ¢(1 — ¢), the overlap R can be
computed to obtain

_ V4 q
Rtrans_—/thanh (szrl_q ,

with Qirans. = Rirans. as for the Bayesian scenario.

The performance of these various approaches in shown in figure 3 for x = 0.
Theoretical results based on Eq. (4.13) are indistinguishable at the scale of
this figure from numerical results for N = 1000 for all online algorithms. The
small o« behavior shows two groups: the two algorithms based on clipping
average weights exhibit poorer performance, while the other three online al-
gorithms do quite well; the behavior of the latter group in this regime is likely
to be described by pure Hebbian learning of the form w oc 35, 7#s*. As we
follow this group into the intermediate « regime, notice that the performance
of the continuous weights algorithm deteriorates rapidly when compared to
that of the binary weights algorithm, which is optimal among the online al-
gorithms considered here. The algorithm based on an optimal binarization
of the result of the continuous weights algorithm performs quite well up to
a = 2, but its performance deteriorates as « increases, and it approaches that
of the algorithm based on simple clipping of continuous weights. The clipped
version of the binary weights algorithm, which performs poorly in the small
a regime, approaches the performance of the binary weights algorithm with
increasing «, a result that indicates that in the large « regime the components
of the average weight vector tend to &1 for the binary weights algorithm.

Results for two offline algorithms are also shown in figure 3. Both exhibit a
discontinuous transition to zero generalization error at o = 1.245. The upper
curve shows the result for the Gibbs algorithm, based on a random sampling
of the space of solutions that are consistent with the training set (i.e. have
zero learning error). The lower curve shows the result of the offline Bayesian
algorithm.

6 Conclusion and Outlook

In this chapter we have reviewed the Bayesian approach to online learning
originally proposed by (Opper 1996) and generalized by (Winther & Solla
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Figure 3. Learning curves (e versus «) for the binary simple preceptron
at k = 0. Full lines showing a discontinuous transition to perfect gen-
eralization correspond to offline algorithms (upper curve: Gibbs; lower
curve: Bayes). Full line with triangles shows the result of the Bayesian
online binary weights algorithm. Simulation results (shown as trian-
gles) were obtained for N = 1000 and averaged over 100 runs. The
upper full line shows the result of taking the sign of the solution to the
binary weights algorithm. The dotted line is for the Bayesian online
continuous weights algorithm. The dashed line shows the result of tak-
ing the sign of the solution to the continuous weights algorithm. The
dashed-dotted line is for the optimal binarization of the continuous
weights solution.

1998). We have applied this approach to the analysis of two learning scenarios
for the noisy simple perceptron; the techniques are those of statistical physics
and the results are expected to be exact in the thermodynamic limit of large
system size.

In the two scenarios studied here the weights of the perceptron rule to be
learned are sampled from either a spherical Gaussian distribution or a binary
distribution with independent components.

The analysis of the Bayesian online algorithm for the simple perceptron
with continuous weights shows that the online approach has the same com-
putational complexity as the offline Bayesian algorithm, but inferior perfor-
mance. A thermodynamic limit calculation of the asymptotic (large «) be-
havior of the generalization error for the case of uncorrelated inputs shows
that the generalization error of the online algorithm is twice that of the of-
fline algorithm (Kinouchi & Caticha 1992). This discrepancy in asymptotic
performance is a consequence of the non-smoothness of the simple preceptron
rule, and is to be contrasted to the asymptotic equivalence between online



and offline learning for smooth rules (see also Opper, this volume).

One of the usual arguments for using online learning is that it is faster than
offline learning. However, our analysis of this simple learning scenario shows
that the online approach is not faster unless additional approximations are
introduced, such as restricting the weight update to its projection along the
direction of the current example. This form of Hebbian learning exhibits the
same asymptotic performance than the full online algorithm for the case of
uncorrelated inputs. This asymptotic equivalence is not expected to hold for
more general input distributions, where the full algorithm, which makes use
of a covariance matrix that does not become asymptotically diagonal for a
general input distribution, is expected to outperform an approximation whose
use of second order information is restricted to the diagonal elements of the
covariance matrix.

The Bayesian online approach has also been applied to a simple perceptron
with binary weights. The performance of this algorithm has been compared
to that of a several other online approaches: a continuous weights Bayesian
algorithm, a binarization of the solution for the continuous weights algorithm
by either clipping or through an optimal transformation, and a binarization
by clipping of the solution for the binary weights algorithm. As expected,
the Bayesian algorithm for binary weights does outperform all other online
approaches.

The gradual decay of the generalization error to zero as o — oo for these
online algorithms is to be contrasted with the discontinuous transition to zero
generalization error at a = 1.245 exhibited by two offline algorihtms, Bayes
and Gibbs, when applied to the same learning scenario. Although the Bayesian
online approach outperforms all other online approaches investigated here, it
is itself outperformed for all « by the offline Bayesian algorithm for learning
a simple perceptron with binary weights.

The current outstanding challenge is that of extending this approach to
learning scenarios involving multilayer networks. Approximations will be re-
quired to render the problem analytically tractable and computationally fea-
sible. A promising direction under investigation is that of considering a two
layer network in the limit of large number of hidden units, a regime in which
the activity of a linear otput unit can be assumed to converge to a Gaussian
variable. Another possible extension to models of more practical interest is
to consider an online approach to learning with Gaussian processes.
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