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Network models

e N nodes/vertices and links/edges
— Directed / undirected
— Weighted / un-weighted
— Here A;; is symmetric matrix of 1/0°s

e Link distributions
— Random
— Long tail
— Hubs and authorities
— Friends of friends are friends
— Assortative mixing “The rich club”

e Communities

— A community is a set of densely
I inked nodes

— Typically community structure 1is
“hidden” or “latent”
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The main points..

e Community detection can be formulated as an
inference problem

e The success of the inference depends on the link
sampling process. There i1s a phase transition
1ike detection threshold. The location can be
estimated with mean field analysis

e The phase transition shifts (sharpens?) i1f we
simultaneously learn the parameters of a
generative model

= For good link prediction we need more complex
latent structures: Simple community models do not
beat basic heuristics

DTU Informatics
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Why look for latent community structure?

Communities may represent different mechanisms, hence different
statistics .. the network 1Is non-stationarity

Communities detected by
spectral clustering

M_E.J. Newman and M. Girvan. Finding and evaluating community

DTU |Tlf0TTnat'ICS structure in networks. Phys. Rev. E 69, 026113 (2004)



Why look for latent community structure?

Communities may be predictive of dynamics and
structural (in-)stability, e.g., Palla et al. (2007):

Small communities depend on stable core of membership,
large communities can persist longer i1if they renew
membership

Communities found by the clique percolation method
(CPM) for detection of overlapping communities

nature Vol 4465 Apri 2007 |doi:10.1038/ nature05670

Quantifying social group evolution

Gergely Palla', Albert-Laszlo Barabasi® & Tamas Vicsek'

DTU Informatics
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Why look for latent community structure?

Community structure may assist link prediction

H & W model

MMSE model

LD model

Yeast Network (G)

US Power 0.449( 10) 0.795(6)
Erdoso2

Wor l.IIIL'I 3
Dic tlun irv2s

Inter ||ut

IMDE (1) 20(5) o 864(2) 6 1065(2)
Patents ) A 3 1] ] . 4 0 (1)

Table 2: Link prediction performance of the various methods on the 14 networks. Given are the
mean AUC values as well as their standard deviations on the last digit given in parenthesis across
10 data splits with randomly chosen links and non-links treated as missing. In bold black is wiven
the best performing approach and in underline the best performing community detection approac
The Hamiltonian was based on average link density as the imposed null hypothesis, i.e. B = ; :
all clusters were modelled with ¢ = 50, as such a more dramatic difference in link performance
was observed for the H&W, MMSB um:l LD models when initialized with the true number of clusters,
however, in general the true number of clusters is unknown hence these results are not shown.

DTU Informatics

M. Mgrups, L.Ks Hansen: Learning latent structure in complex networks
NIPS Workshop ' “AnalyzingsNetworks and Learning With Graphs” (2009)
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Outline

e Community detection

— Detection as a combinatorial
optimization problem

— Mean field approx and Gibbs sampling

— Phase transition leads to sharp
detection threshold

e Learning community parameters
— The Hofman-Wiggins model
— Detection threshold with learning
— Stochastic block models

e Link prediction Web 20

— Robustness to link dilution
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Formal community detection .. Newman’s Modularity

The modularity 1s expressed as a sum over links, such that
we reward excess links in communities relative to a
baseline measure Py;

1
Q=--2;A—R p.c)

With c; = k if node i1 iIs iIn community k, a total of
m links .. 2m = Z;:A;;

The baseline assumes independence P;; = k;k;/2m,

Combinatorial optimization problem

M.E.J. Newman and M. Girvan. Finding and evaluating community
structure iIn networks. Physical Review E, 69:026113,

DTU Informatics 2004, cond-mat/0308217.



DTU

Potts representation

Introduce C x N binary matrices S encoding the community assignment

5(Ci1Cj) = Zk SkiSkj

i i [AJ N Pij :|Zk Skiskj

B 2m
1 55,5, _ Tr(S'BS)
2m Ik 2m

DTU Informatics
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Spectral heuristic

Newman makes a relaxation of the optimization problem to the
unit sphere

1 Tr(S'BS)
Q — % ijk BijSkiSkj — om
BS =SA

Procedure: solve the eigenvalue problem to get a Fiedler vector
(can be repeated), convert 1t to assignments and Improve the
resulting pre-community structure by local Lin-Kernighan post-
processing

M.E.J. Newman and M. Girvan. Finding and evaluating community
structure iIn networks. Physical Review E, 69:026113,

DTU Informatics 2004, cond-mat/0308217.
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Combinatorial optimization

e Alternatively, use Gibbs sampling with simulated annealing
(Kirkpatrick et al. 1983, Geman, Geman 1984)

P(S|AT) = exp(@j _ exp(Tr(SBS -)j

2mT

e Monte Carlo realization of a Markov process in which each
variable 1s randomly assigned according to its marginal
distribution

P(S|AT)
D> P(SIAT)

P(S;1S ,,AT)=

S Geman,D Geman, "Stochastic Relaxation,
Gibbs Distributions, and the

Bayesian Restoration of Images™.

IEEE Transactions on Pattern Analysis and
Machine Intelligence 6 (6): 721-741 (1984)
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Gibbs sampling

B A Kk
_ J _ J . | J
P =2, 2m 9 2, om % i gm am

exp(e /T)
Zk.eXp(¢k'i /T)

Hyi =

S, = discrete(z,)

DTU Informatics
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Potts model: single node

e Discrete probability distribution on states k = 1,..,C

ZC Sy Py
P(S|e,T)cexp k?

PS1o.T) =] ()"

Oy
e TR
) Xp(Tj

Hy = 0.
Zk-exp(?k)

DTU Informatics
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Mean Field method:
Approximate the posterior by product of discrete distributions

Minimize the KL distance between P(S]u) and P(S]A,p.q)

P(S|0) =TT ()"

exp(e /T)
Zk.exp(¢k'i /T)

Hyi =

B;

P = ZJ 2mlukj z, 2mluk1 z

j 2m Zmﬂk‘

DTU Informatics

S. Lehmann, L.K. Hansen: Deterministic modularity optimization
European Physical Journal B 60(1) 83-88 (2007).
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Deterministic annealing

Iterative solution with a decreasing sequence of temperatures
to reach the ground state = MAP solution

(t+1) _ eXp((”lEit ')

Ky
o exp(el)IT)
B. A k K
(1) _ y (1) _ (t) | (t)
P = 2ty = 2oty 2o

DTU Informatics



DTU

Experimental evaluation

Create a simple testbed with within link probability p and
between “noise” links q

imization

ch of the simple network mog
the ad| ix with

oints dis-

ithm found
5 -

u the mean field
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Fig. 5. Comparison of the modularity performance for mean
field annealing, Gibbs sampling, and a ‘greedy’ optimizer. The
greedy algorithm corresponds to Gibbs sampling at T = 0.
The graph describes the co-authorship network of the Los
Alamos condensed matter preprint archive, considering arti-
cles published between April 1998 and February 2004 [26],
it has n = 30561 nodes, and m = 125959 links. The mean
field method provides good modularity solutions for very few
iterations, for the present graph the Gibbs sampling scheme
outperforms mean field annealing at 150 iterations. The best
modularity solutions we found in this network after extensive
Gibbs sampling have ¢} = 0.71. The zero temperature greedy
search does not produce useful modularity solutions here.

S. Lehmann, L.K. Hansen:

Deterministic modularity

optimization

European Physical Journal
B 60(1) 83-88 (2007).
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The Hofman-Wiggins model (2008)

e The H&W model is generalization of the Modularity heuristic to
a proper statistical model with Bayesian inference

P(AIS, p.a) =[] (p"a" )" (@~ P @-a)“*) "

i>

:§:ﬁ%§m

e Consider the link probability parameters within p and between
g unknown

J.M. Hofman and C.H. Wiggins.
A Bayesian approach to network modularity.
Phys. Rev. Lett. 100:258701, 2008.
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The Hofman-Wiggins model (2008)

e Critical behavior for fixed parameters,

P(S|A p.a) e [T(p%a )" (- pa-g**») "

i> ]

_ 1-
P(S | A’ p’q) =/ 1exp[ﬁog|:1_pp qq ijZk SkiSijJj

\

Effective inverse
temperature

DTU Informatics
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The Hofman-Wiggins model (2008)

e Mean field critical behavior for fixed parameters,
as function of p,q and A

LD exp(eq’ /T (p, )
2 exp(el /T (p,a))

Converges to p= 1/C
for T > T,

§0|Eit) = Zj /UIEjt)Aji

T(p,q)1=log( P 1_qulog(£j
1-p ¢ q

DTU Informatics

logSNR
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The community detection threshold
how many links are needed to detect the structure?

(Un)detectable cluster structure in sparse networks

Achievable Accuracy

DTU Informatics

Jorg”Reichardt and Michele Leone,
Un)detectable Cluster Structure in Sparse Networks
Phys. Rev. Lett. 101, 078701 (2008),
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The Hofman-Wiggins model
Mean field critical link density

S (A _ N p, 1-0
(p, - 0,)-log| o=k
T(pc,qc) C 1-p. q

Assume that A 1s 1ndeed drawn

with parameters p, g=fp=p/SNR
COMMUNITY DETECTION (N =500, C = 5, SNR = 5)

2.5
The i1teration scheme converges

to uniform random solution below
the critical density
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Learning the parameters of the generative model

e Hofman & Wiggins (2008)
— “Variational Bayes”

—Dirichlets/beta prior and posterior
distributions for the probabilities

— Independent binomials for the assignment
variables

e Here
—Maximum likelthood for the parameters
— Gibbs sampling for the assignments

Jake M. Hofman and Chris H. Wiggins,

: Bayesian Approach to Network Modularity
DTU |nf0Tma.t1CS Phys. Rev. Lett. 100, 258701 (2008),



DTU

Experimental design

e Planted solution
— N = 1000 nodes
_Ctrue =3
— Quality: Mutual iInformation between
e planted assignments and the best i1dentified

e Gibbs sampling
— No annealing
— Burn-i1in 200 iterations
— Averaging 800 i1terations

e Parameter learning
—Q = 10 1terations

DTU Informatics



Community Detection — fully informed on number of communities and probabilities

COMMUNITY DETECTION (N =1000, C = 10, SNR = 50)
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COMMUNITY DETECTION (N =1000, C =5, SNR = 5)

2.5
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Now what happens to the phase transition 1f we
learn the parameters .. with a too complex model
(C > Cyrpe = 5) ?

COMMUNITY DETECTION (N =1000, C = 10, SNR = 10) COMMUNITY DETECTION (N =1000, C = 10, SNR = 5)
2.5 . . . . 25 , , ,

MUTUAL INF. PLANTED COMMUNITY

z
)
=
=
o
(&)
)
|
|_
3
o
TH
=z
-
<
)
-
)
=

—0——0O—€)

002 004 006 008 . S 002 0.0 006  0.08
INTRA COMMUNITY LINK PROB (P) INTRA COMMUNITY LINK PROB (P)

) g;OMMUNITY DETECTION (N =1000, C =5, SNR = 10) COMMUNITY DETECTION (N =1000, C = 5, SNR = 5)
. 5)

= o N

MEMBERSHIPS

o
o
MUTUAL INF. PLANTED COMMUNITY
< h N

MUTUAL INF. PLANTED COMMUNITY

=)
o

1 2 3 6 7 8 9 10

4 5
COMMUNITY

o 4

0.05 0.05

0.01 0.02 0.03 0.04 0.02 0.03 0.04
INTRA COMMUNITY LINK PROB (P) INTRA COMMUNITY LINK PROB (P)



More complex latent structures

e There i1s a very rich statistics literature on closely related
models

— Review: Goldberg, Zeng, Fienberg, Airoldi (2010)

e The equivalent of the H&W model was analysed by Snijders &
Nowicki (1997) using both EM and Gibbs sampling

e Stochastic block membership models parameterize the link
density using a C x C matrix of parameters describing the
potential different link probability between two given
communities

 MMSB -the Mixed membership stochastic block model recently
proposed and analyzed by Airoldi et al. (2008)

DTU Informatics
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The general link density model

Stochastic block model with

a (learned) node specific link
probability (R;;= r;r;) ala

(8;f) Modularity

Aji i Bern(Rij ® I:)c(i),c(j))

Bern(AdR;Poeq) Key research questions

e How to evaluate these representations?
- Link prediction

e Can we speed-up the inference process
to make large graphs feasible?
_ - a new NMF-like relaxation to the
DTU Informatics simplex avoids annealing

M. Mgrup, L.K. Hansen: Learning latent structure in complex networks
NIPS Workshop “Analyzing Networks and Learning With Graphs” (2009)
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Link prediction

Inspired by Clauset et al. (2008) we use a Cross-
validation like procedure where we predict the
presence of held-out links In a number of networks:

f nodes ff links
H&W model ] 274 56 2.9e-3 H&W muodel
MMSE model . i 16 y MMSE model
LD model . : LD maodel
Yeast Network[? | : ! : : LT, Yeast Network
USs Power : 5 3 ) USs Power
Erdosi2 k h Erdoso2
Free Assoc.
Reuters911
Wordnet3
Dictlonarv2s
CondPhys2 . :
Internet 2 ) . ) : 5 Internet
IMDE 2 _ INDE El
Patents 3774768 2 EX Rl 2. le-6 Patents

Table 1: Left Table: Properties of the analyzed networks. r denotes the networks assortativity [8], ¢
denotes the clustering coefficient [12], L the average shortest path and p the density of the network.
The average shortest path measure was calculated as the average of 10 samples of up to 10,000 links
in the network disregarding non-existing paths between nodes (in parenthesis is given the standard
deviation of this mean over the samples). Right Table: Correlation between node degree distribution
and the estimated node specific parameter r of the LD model. Given are the average correlation over
10 model estimations as well as the standard deviation on the last digit. Clearly, there is a significant
correlation for all the networks.

A. Clauset, C. Moore, and M.E.J. Newman. Hierarchical structure and
the prediction of missing links in networks. Nature, 453:98-101 (2008).



Link prediction results (fixed community #)

|| Degr. Prod. | Short. Path | Com. Neigh. | Jaccard || Hamlilit. | Modularity | H&W | MMSBE | LD

H&W model 0.627(5) 0.TRE(T) 0.827(8) 0.B28(8) 0,869 2) 0.867(3) 0.873(2) 0.868(2) 087201
MMSE model 0.621(5) 0.TRA(5) 0.840(5) 0.B45(5) 0. B66(2) 0.836(6) 0.861(3) 0L.892(1) 0.888(1)
LI} model 0.690(2) 0.688(2) 0.834(3) 0.B25(3) 0. B66(2) 0.866(2) 08700 1) 0,904 1) 0.905(1)
Yeast Network 0.783(6) 079509 0.675(9) 67509 0640013 0.599( 14) 057309 0.836(7) 0.79409)
'S Power 0449010 0.795(6) 047401 3) 0. 4T4(13) 0.479012) 04890 13) 0.544(13) 0.407(8) 050609 )
Erdoso2 0. 38609 058009 0.584(5) 0.559(8) 0.530015) 046001 1) 0.37TT(12) 0.954(3) 0LET3(22)
Free Assoc. 0.845(6) 0.8TT(5) 0.856(6) 0.83406) 07660110 0.632(8) 0.6059(6) 0.902(5) 0.872i4)
Reuters911 0.928(3) 089204 0.929(3) 09103 0. 7288 060105 (0. T66(4) 094202 0935(2)
Wordnet3 0,602 6) 0.613(6) 0.35604) 035604 05078 046307 ABL(H) 0. T95(8) 0.6G3E(E)
Dictlonary2s 0, B0E( 5) 0.917(4) 0.776(4) 0.74405) 0.644(6) 0.63314) 0.6T8(6) 0.865(6) 0.894(3)
CondPhys 2005 0.790(3) 0.963(2) 0.9640 1) 0.965(1) 0.737(8) 0.689(5) 0.463(12) 0.909(2) 0.92401)
Internet (.604( 5) 0.745(4) 05010 LA0L) 066204 0.6T2(5) (L6078 0.695(5) 0.66B3(5)
IMDE 09181 09805 L9980 099701 08642 0LESTIZ) B6L(2) 0.965(2) 0.974

Patents 0.766(1) 09460 3) 0.743(5) 0.T743(5) 077001 0.T68(1) 0,696 14)

Table 2: Link prediction performance of the various methods on the 14 networks. Given are the
mean AUC values as well as their standard deviations on the last digit given in parenthesis across
10 data splits with randomly chosen links and non-links treated as missing. In bold black is given
the best performing approach and in underline the best performing community detection approach.
The Hamiltonian was based on average link density as the imposed null hypothesis, i.e. B = 5 F
all clusters were modelled with ¢ = 50, as such a more dramatic difference in link performance
was observed for the H&W, MMSB and LD models when initialized with the true number of clusters,
however, in general the true number of clusters is unknown hence these results are not shown.

DTU |‘|"|f0'|'ma_t'ics M. Mgrup, L.K. Hansen: Learning latent structure in complex networks
NIPS Workshop “Analyzing Networks and Learning With Graphs” (2009)
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Potential critique of link prediction
1) cross validation — is the structure robust to dilution?
11) can we relax the fixed cap on number of communities?

Free word association

Within NMI

Within HMI

0 5101520

0 5 101520°

Large communities seem very robust to link dilution.
These runs use non-parametric Bayes Dirichlet process

DTU Informatics priors .. the number of communities is on the order of C =
50, as_i1n _earlien results, drops to about 10-20 when
community structure deteriorates



DTU

Conclusions

= Community detection can be formulated as an
inference problem

e The sampling process for fixed SNR has a phase
transition like detection threshold - we can
estimate the threshold from MF analysis

e The phase transition remains (sharpens?) i1f we
learn the parameters of a generative model with
unknown complexity

e For link prediction more complex latent
structures are necessary: Modularity and H&W do
not beat simple non-parametric models

DTU Informatics
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