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Network models 
• N nodes/vertices and links/edges 

– Directed / undirected 

– Weighted / un-weighted 

– Here Aij is symmetric matrix of 1/0’s 
 

• Link distributions 

– Random 

– Long tail 

– Hubs and authorities 

– Friends of friends are friends 

– Assortative mixing “The rich club”  

 

• Communities 

 

– A community is a set of densely 
linked nodes  

 

– Typically community structure is 
“hidden”  or “latent” 

 

 

http://en.wikipedia.org/wiki/File:Undirected.svg�
http://upload.wikimedia.org/wikipedia/commons/a/a2/Directed.svg�
http://upload.wikimedia.org/wikipedia/commons/5/5b/6n-graf.svg�


The main points… 

• Community detection can be formulated as an 
inference problem 
 

• The success of the inference depends on the link 
sampling process. There is a phase transition 
like detection threshold. The location can be 
estimated with mean field analysis 
 

• The phase transition shifts (sharpens?) if we 
simultaneously learn the parameters of a 
generative model 
 

• For good link prediction we need more complex 
latent structures: Simple community models do not 
beat basic heuristics 



Why look for latent community structure? 

 

Communities may represent different mechanisms, hence different 
statistics … the network is non-stationarity 

 

M.E.J. Newman and M. Girvan. Finding and evaluating community  
structure in networks. Phys. Rev. E 69, 026113 (2004) 
 

Communities detected by  
spectral clustering 



Why look for latent community structure? 

Communities may be predictive of dynamics and  

 structural (in-)stability, e.g., Palla et al. (2007):   

  

 Small communities depend on stable core of membership, 
large communities can persist longer if they renew 
membership 

  

  Communities found by the clique percolation method 
(CPM) for detection of overlapping communities 

 

 

 



Why look for latent community structure? 

 

 
Community structure may assist link prediction 

M. Mørup, L.K. Hansen: Learning latent structure in complex networks 
NIPS Workshop “Analyzing Networks and Learning With Graphs” (2009) 



Outline 

 

• Community detection 

– Detection as a combinatorial 
optimization problem 

– Mean field approx and Gibbs sampling 

– Phase transition leads to sharp 
detection threshold 

 

• Learning community parameters 

– The Hofman-Wiggins model 

– Detection threshold with learning 

– Stochastic block models 

 

• Link prediction 

– Robustness to link dilution 

 

http://upload.wikimedia.org/wikipedia/commons/a/a7/Web_2.0_Map.svg�


Formal community detection .. Newman’s Modularity 

The modularity is expressed as a sum over links, such that 
we reward excess links in communities relative to a 
baseline measure Pij 
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m links … 2m = ΣijAij,  
 

The baseline assumes independence Pij = kikj/2m, 
with ki =ΣjAij,  

 

Combinatorial optimization problem 

M.E.J. Newman and M. Girvan. Finding and evaluating community 
structure in networks. Physical Review E, 69:026113, 
2004, cond-mat/0308217. 



Potts representation 
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Introduce C x N binary matrices S encoding the community assignment 



Spectral heuristic 
 
Newman makes a relaxation of the optimization problem to the 
unit sphere 
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Procedure: solve the eigenvalue problem to get a Fiedler vector 
(can be repeated), convert it to assignments and improve the 
resulting pre-community structure by local Lin-Kernighan post-
processing 

M.E.J. Newman and M. Girvan. Finding and evaluating community 
structure in networks. Physical Review E, 69:026113, 
2004, cond-mat/0308217. 



Combinatorial optimization 
• Alternatively, use Gibbs sampling with simulated annealing 
(Kirkpatrick et al. 1983, Geman, Geman 1984) 
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• Monte Carlo realization of a Markov process in which each 
variable is randomly assigned according to its marginal 
distribution 
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S Geman,D Geman, "Stochastic Relaxation,  
Gibbs Distributions, and the  
Bayesian Restoration of Images".  
IEEE Transactions on Pattern Analysis and  
Machine Intelligence 6 (6): 721–741 (1984) 
 



Gibbs sampling 
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Potts model: single node 
• Discrete probability distribution on states k = 1,…,C 
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Mean Field method:  
   Approximate the posterior by product of discrete distributions 

Minimize the KL distance between P(S|μ) and P(S|A,p,q) 
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S. Lehmann, L.K. Hansen: Deterministic modularity optimization  
European Physical Journal B 60(1) 83-88 (2007). 



Deterministic annealing  
Iterative solution with a decreasing sequence of temperatures 
to reach the ground state = MAP solution 
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Experimental evaluation 
Create a simple testbed with within link probability p and 
between “noise” links q 

q = f·p 



S. Lehmann, L.K. Hansen: 
Deterministic modularity 
optimization  
European Physical Journal 
B 60(1) 83-88 (2007). 



The Hofman-Wiggins model (2008) 
• The H&W model is generalization of the Modularity heuristic to 
a proper statistical model with Bayesian inference 

J.M. Hofman and C.H. Wiggins.  
A Bayesian approach to network modularity.  
Phys. Rev. Lett. 100:258701, 2008. 
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• Consider the link probability parameters within p and between 
q unknown 



The Hofman-Wiggins model (2008) 
• Critical behavior for fixed parameters,  
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The Hofman-Wiggins model (2008) 
• Mean field critical behavior for fixed parameters,  

  as function of p,q and A  
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Converges to μ= 1/C 
for T > Tc 



The community detection threshold 
 how many links are needed to detect the structure? 

Jorg Reichardt and Michele Leone,  
Un)detectable Cluster Structure in Sparse Networks 
Phys. Rev. Lett. 101, 078701 (2008),  



The Hofman-Wiggins model  
 Mean field critical link density 
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Assume that A is indeed drawn 
with parameters p, q=fp=p/SNR 
 
The iteration scheme converges 
to uniform random solution below 
the critical density 



Learning the parameters of the generative model 

• Hofman & Wiggins (2008) 

– “Variational Bayes” 

– Dirichlets/beta prior and posterior 
distributions for the probabilities 

– Independent binomials for the assignment 
variables 

• Here 

– Maximum likelihood for the parameters 

– Gibbs sampling for the assignments 

 

Jake M. Hofman and Chris H. Wiggins,  
Bayesian Approach to Network Modularity 
Phys. Rev. Lett. 100, 258701 (2008),  



Experimental design 
• Planted solution 

– N = 1000 nodes 

– Ctrue = 5 

– Quality: Mutual information between 

• planted assignments and the best identified 

 

• Gibbs sampling 

– No annealing 

– Burn-in 200 iterations 

– Averaging 800 iterations 

 

• Parameter learning 

– Q = 10 iterations 

 



Community Detection – fully informed on number of communities and probabilities 



Now what happens to the phase transition if we 
learn the parameters … with a too complex model 
(C > Ctrue = 5) ? 



More complex latent structures 
• There is a very rich statistics literature on closely related 
models 
– Review: Goldberg, Zeng, Fienberg, Airoldi (2010) 

 

• The equivalent of the H&W model was analysed by Snijders & 
Nowicki (1997) using both EM and Gibbs sampling 

 

• Stochastic block membership models parameterize the link 
density using a C x C matrix of parameters describing the 
potential different link probability between two given 
communities 

 

• MMSB -the Mixed membership stochastic block model recently 
proposed and analyzed by Airoldi et al. (2008) 

 



The general link density model  
 
Stochastic block model with 
a (learned) node specific link 
probability (Rij= rjri) ala 
Modularity 

Key research questions 
 
• How to evaluate these representations?  

- Link prediction 
 

• Can we speed-up the inference process    
 to make large graphs feasible? 
    - a new NMF-like relaxation to the 
 simplex avoids annealing 

M. Mørup, L.K. Hansen: Learning latent structure in complex networks 
NIPS Workshop “Analyzing Networks and Learning With Graphs” (2009) 
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Link prediction 
Inspired by Clauset et al. (2008) we use a cross-
validation like procedure where we predict the 
presence of held-out links in a number of networks:  

A. Clauset, C. Moore, and M.E.J. Newman. Hierarchical structure and  
the prediction of missing links in networks. Nature, 453:98–101 (2008). 



Link prediction results (fixed community #) 

M. Mørup, L.K. Hansen: Learning latent structure in complex networks 
NIPS Workshop “Analyzing Networks and Learning With Graphs” (2009) 



Potential critique of link prediction  
i) cross validation – is the structure robust to dilution?  
ii) can we relax the fixed cap on number of communities?  

Large communities seem very robust to link dilution.  
These runs use non-parametric Bayes Dirichlet process 
priors … the number of communities is on the order of C = 
50 as in earlier results, drops to about 10-20 when 
community structure deteriorates 

Free word association Yeast 



Conclusions 

• Community detection can be formulated as an 
inference problem 
 

• The sampling process for fixed SNR has a phase 
transition like detection threshold - we can 
estimate the threshold from MF analysis 
 

• The phase transition remains (sharpens?) if we 
learn the parameters of a generative model with 
unknown complexity 
 

• For link prediction more complex latent 
structures are necessary: Modularity and H&W do 
not beat simple non-parametric models 
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