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-=-Reduced signal-to-noise ratio, not sample size!
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Missing data

....an important problem in real life applications of
Machine Learning e.q.

computational psychiatry

Questions
Impute — can we trust it?
What are the implications of missing data?
The unexpected richness of principal component analysis
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Data Driven Estimation of Imputation Error
—A Strategy for Imputation with a Reject Option

PPCA imputation B

Crocs dataset. Anatomical bias

Mean imputation

L KNN imputation

Accepted (97%)
O  Rejected (3%)
O  Complete cases

-0.3 -0.2 -0.1 0 0.1
PC-1

F Imputation errors, KNN imputation

20 0.25
3 o0 0 T 02
o 60
k] 0.15
2 80
g 0.1
Y 100

120 0.0s

20 40 60 80
Missingness pattern

Learning curve

T T T T
=+ PPCA Est. error
-+ «{- - Mean imp Est. error
‘O - KNN imp Est. error
—— PPCA Imp. error
—&— Mean imp error
—&&— KNN imp. error

0.2
¢
0
2
£ 02
¢
Accepted (96%) Accepted (28%)
+  Rejected (4%) -04 Rejected (72%)
+  Complete cases Complete cases
-0.2 0.1 0 0.1 -03
PC-1
D Imputation errors, PPCA E Imputation errors, Mean imputation
20 20 i
= 0.15 e AR il k ME
@ T =aheee o 40 i 03
b 4
S 60 g 60
[ @
bl L z 02
[-5 L e o —rT T e et
g 80 g 80
S S
< 100 z R 01
——— Y 2 s dma i
120 120
20 40 60 80 20 40 60 80
Missingness pattern Missingness pattern
G First principal component H second principal component |
0 0 0.4 T
5 5 2 o3}
w
L
g 10 3 10 s
E 2 Foar °
& 15 & 15 g
Z o1t
20 20 3
o
0
=15 -10 -5 0 =10 0 10 0 20

PCA Weights PCA Weights

60 80 100 120 140
Included complete cases

Bak, N. and Hansen, L.K., 2016.
Data driven estimation of imputation error—a strategy for imputation with a reject option.
PloS one, 11(10), p.e0164464.

U



Missing data in computational psychiatry
- inference based on marginal

(b) Treatment resistant schizophrenia
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Two subgroups of antipsychotic-naive, first-episode
schizophrenia patients identified with a Gaussian
mixture model on cognition and electrophysiology
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High dimensions — small samples (D >> N)
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"HDLSS” high dimension, low sample size (Hall 2005, Ahn et al, 2007)
“Large p, small n” (West, 2003), “Curse of dimensionality” (Occam, 1350)
“Large underdetermined systems” (Donoho, 2001)

"Tll-posed data sets” (Kjems, Strother, LKH, 2001)
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Factor models

Represent a datamatrix by a low-dimensional approximation

TIME (t=1:N) TIME (t=1:N)

S

- — = =

X

SENSORS (i=1:D)

SENSORS (i=1:D)

X(i,0) =Y. AGi,k)S(k,1)

Lars Kai Hansen
Technical University of Denmark

=
—
=

i



Unsupervised learning:

Factor analysis generative model

X = AS+E&, e NN(O, Z) Source distribution:

PCA: ... normal
ICA: ... other
............ IFA: ... Gauss. Mixt.

p(x|A,0)= J-p(X | A,S,Z)ip(s | O)Eds kMeans: .. binary

p(x|A,s,T)=|27E [ e

llllllllllll

1 _
A ETCAS| | PCAT y o2,

S known: GLM
(1-A)! sparse: SEM
S,A positive: NMF

FA: X=D

Hgjen-Sgrensen, Winther, Hansen,
Neural Computation (2002),
Neurocomputing (2002)
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Matrix factorization: SVD/PCA, NMF, Clustering

Figure 1 Non-negative matrix factorization (NMF) leams a parts-based representation of
faces, whereas vector quantization (V@) and principal components analysis (PCA) leam
NMF ‘ holistic representations. The three leaming methods were applied to a database of
1 m = 2,429 facial images, each consisting of n = 19 » 19 pixels, and constituting an
\ A n > m matrix V. All three find approximate factorizations of the form V' = WH, but with
I three different types of constraints on W and H, as described more fully in the main text
and methods. As shown in the 7 % 7 montages, each method has leamed a set of
r = 49 basis images. Positive values are illustrated with black pixels and negative values
with red pixels. A particular instance of a face, shown at top right, is approximately
= represented by a linear superposition of basis images. The coefficients of the linear
“ superposition are shown next to each maontage, in a 7 > 7 grid, and the resulting
superpositions are shown on the other side of the equality sign. Unlike VQ and PCA, NMF
learns to represent faces with a set of basis images resembling parts of faces.
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Modeling the generalizability of SVD

Rich physics literature on "retarded” learning

Universality

— Generalization for a “single symmetry
breaking direction” is a function of ratio
of N/D and signal to noise S

— For subspace models-- a bit more
complicated -- depends on the
component SNR's and eigenvalue
separation

— For a single direction, the mean squared
overlap R? =<(u',*u,)?> is computed
for N,D -> oo

(aS*-1)/SA+aS) a>1/8?

R2
0 a<l/S?

a=N/D S=1/6° N,=D/S’

Hoyle, Rattray: Phys Rev E 75 016101 (2007)
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Variance inflation in PCA

Journal of Machine Learning Research 12 (2011) 2027-2044 Submitted 1/11; Published 6/11

A Cure for Variance Inflation in High Dimensional Kernel Principal
Component Analysis

Trine Julie Abrahamsen TIAB@IMM.DTU.DK
Lars Kai Hansen LKH(@IMM.DTU.DK
DTU Informatics

Technical University of Denmark
Richard Petersens Plads, 2800 Lyngby, Denmark
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Restoring the generalizability of SVD

Now what happens if you are on the slope
of generalization, i.e., N/D is just beyond
the transition to retarded learning ?

SUBSAMBLING MOVIE-ACTOR NETWORK
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The estimated projection is offset, hence,
future projections will be too small!

...problem if discriminant is optimized for
unbalanced classes in the training data!
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Variance inflation in PCA
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Who shrunk the test set?
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Heuristic: Leave-one-out

re-scaling of SVD test projections

Second SVD component

Conventional 8VD
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Re-scaling the component variances by

leave one out

Possible to compute the new scales by leave-one-out

doing N SVD’s of size N << D
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Approximating LOO (leave-one-out: "N”)

Let {@;.....xy} be N training data points in a D dimensional input space
T T el
:I:N::Bﬁ—l—a:ﬂf,, UN_14, LN =UN_1 4 Ly »
T T | T |

Uy 1 "IN =UN_1 j Ly Uy p Ly

T.J. Abrahamsen, L.K. Hansen. A Cure for Variance Inflation in High Dimensional Kernel Principal Component Analysis.
Journal of Machine Learning Research 12:2027-2044 (2011).




Two approximations

Adjusting for the mean overlap

22 _ (aS*-1)/S(1+aS) a>1/S"
0 a<l/S®

a=N/D S=1/¢° N,=D/S’

Hoyle, Rattray: Phys Rev E 75 016101 (2007)

Adjusting for lost projection

T T [ s |
Uy 1 N =Uy_ "Ly S Uy Ly
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Approximation

Approximation

o1 05 0 05 1' 05 0 05
LOO projection LOO projection

Approximating the leave-one-out (LOQO) procedure. Here we simulate data with four
normal independent signal components, @ = Zﬁ:]nkuk + € of strengths (1.4,1.2,1.0,0.8,
embedded in i.i.d. normal noise € ~ N(0,6%1), with ¢ = 0.2. The dimension was
D = 2000 and the sample size was N = 50. In the four panels we show the training
set projections (red crosses), the projections corrected for the theoretical mean overlap
(Hoyle and Rattray, 2007) (yellow squares) and the gecometric approximation in Equation
(1) (green dots) versus the exact LOO projections (black line).

Lars Kai Hansen
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Universality in PCA, NMF, Kmeans

NMF PCA KMEANS

e Looking for universality by
simulation

— learning two clusters in
white noise.

OVERLAP
o
ﬁm"f

=P

e Train K=2 component factor
models.

e Measure overlap between line
of sigth and plane spanned by
the two factors.

OVERLAP

Experiment
Variable: N, D
Fixed: SNR

Lars Kai Hansen
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Factor models for handling missing data

Phase transition in PCA with missing data:
Reduced signal-to-noise ratio, not sample size!

Niels Bruun Ipsen' Lars Kai Hansen'

Proceedings of the 36™ International Conference on Machine
Learning, Long Beach, California, PMLR 97, 2019. Copyright

& 0.5+

0.4

0.3 |-

0.2

0.1

0.1

0.2 0.3 0.4 0.5 0.6

MISSING RATE

0.7

Lars Kai Hansen
Technical University of Denmark

2019 by the author(s).

Schafer and Graham (2002): ‘In
missing dqta problems the

sample ma
than usu ebquse missing

sample size'.
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Modeling - replica method

Universal learning curves for R? = <(a™a)?>;
S is signal to noise, « = N/D

08¢
5 06+
: 1. o

(R y — 0 9 aSe < 1, k.,
e L aS?>1

L9+Q:ng , - 02}

0

0

N/D
Proof strategy:

1) R? = <(a™a,)?>> is obtained from a generating function ( log Z)

2) Compute average of log Z, via moments using <log Z> = lim ., (<Z">- 1)/n
3) The average <Z"> can be compute as N, D -> oo, with a=N/D finite

4) Assume replica symmetry - all <(a;,"*a,) 2> and <(a;"*a,) *> all identical

@ Hoyle, D. C., & Rattray, M. (2007)

Physical Review E 75.1 (2007): 016101.

Ij Biehl, M., & Mietzner, A. (1993)
S

tatistical mechanics of unsupervised learning.

Lars Kai Hansen
EPL (Europhysics Letters) 24.5 (1993): 421.

Technical University of Denmark

Statistical mechanics of learning multiple orthogonal signals: Asymptotic theory and fluctuation effects.
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Modeling - replica method

Universal learning curves for R? = <(a™a)?>;

S is signal to noise, « = N/D

0 asS? <1,
Ry = , ,.
o {% as® > 1
Define effective signal to noise S(m) = (1 —m)S
. as(m)* <1,
<R2>X — QS(TTI)Q—l 5 ,
S(m)+aS(m)? QS(WL) > 1.

Lars Kai Hansen
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Modeling the effect of missing data

Effective SNR
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SNR_,, = (1-m)SNR
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Effective sample size?
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Real

world data
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Conclusions

PCA is tricky

- variance inflation A NI

Missing data can be handled with PPCA
Phase transition is found — similar to PCA learning curve
very accurate model of simulated data,
& reasonable agreement for real data
Missing data reduces SINR not samples size
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